We present here a strong right fractional calculus theory for Banach space valued functions of Caputo type. Then we establish many right fractional Bochner integral inequalities of various types.
Introduction
Here we use extensively the Bochner integral for Banach space valued functions, which is a direct generalization of Lebesgue integral to this case. The reader may read about Bochner integral and its properties from [2] , [5] , [6] , [8] , [10] , [11] and [12] .
Using Bochner integral properties and the great article [12] , we develop a right Caputo type strong fractional theory for the first time in the literature, which is the direct analog of the real one, but now dealing with Banach space valued functions.
In the literature there are very few articles about the left weak fractional theory of Banach space valued functions with one of the best [1] . None exists about the right one.
However we found the left weak theory, using Pettis integral and functionals, complicated, less clear, dificult and unnecessary.
With this article we try to simplify matters and put the related right theory on its natural grounds and resemble the theory on real numbers.
We define the right Riemann-Liouville fractional Bochner integral operator, see Definition 2, and we prove the right commutative semigroup property, see Theorem 7. We use the general Fundamental theorem of calculus for Bochner integration, see Theorem 10 here, from [12] .
Based on the last we produce a related reverse general Taylor's formula for Banach valued functions.
We introduce then the right Caputo type fractional derivative in our setting, see Definition 13. Then we are able to produce the related right fractional Taylor's formula in Banach space setting, which involves the Hausdorff measure. With this developed machinery we derive right fractional: Ostrowski type inequalities, Poincaré and Sobolev types, Opial type, Hilbert-Pachpatte type, and Landau type inequalities.
All these right fractional inequalities for Banach space valued functions are using always the Hausdorff measure. We cover these inequalities to all possible directions, acting at the introductory basic level, which leaves big room for expansions later.
Main Results

We mention
Strong right fractional calculus for Banach space valued functions 151 Definition 1. Let U ⊆ R be an interval, and X is a Banach space, we denote by L 1 (U, X) the Bochner integrable functions from U into X.
We need Definition 2. Let α > 0, [a, b] ⊂ R, X is a Banach space, and f ∈ L 1 ([a, b] , X). The Bochner integral operator
where Γ is the gamma function, is called the Riemann-Liouville right fractional Bochner integral operator of order α.
For α = 0, we set I 0 b− := I (the identity operator).
We need Proof. Define k :
Then k is measurable on Ω, and we have Let χ [a,b] (x) be the characteristic function, x ∈ R. By [10] , p. 101, Theorem 5.4, we get that f (z) χ [a,b] 
is finite a.e on [a, b] 2 , and it is a real valued measurable function. By [7] , p. 88, we get now that
Next we work on the repeated integral
Therefore the function H : Ω → X such that H (z.x) := k (z, x) f (z) is Bochner integrable over Ω by Tonelli's theorem, see [10] , p. 100, Theorem 5.2.
Hence by Fubini's theorem, [10] , p. 93, Theorem 2, we obtain that
We further present and need
Proof. (i) Case of α = 1. We have that
x ≥ y and x → y. We observe that°°°³
We observe that°°I
2.7)
(see [2] , p. 426, Theorem 11.43)
Therefore by Dominated Convergence Theorem we conclude, as x → y, that
] , X), and the Bochner integral
] , X) (absolutely continuous functions) for r ≥ 1 and G ∈ C ([a, b] , X) for r ∈ (0, 1) .
Proof.
Denote by kF
(1) Case r ≥ 1. We use the definition of absolute continuity. So for every ε > 0 we need δ > 0: whenever
If kF k ∞ = 0, then G (s) = 0, for all s ∈ [a, b], the trivial case and all fulfilled.
So we assume kF k ∞ 6 = 0. Hence we have (see [5] ) [2] , p. 426, Theorem 11.43)
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If r = 1, then I i = 0, and
for all i := 1, ..., n.
If r > 1, then because
So in the case of r = 1, and by choosing δ := ε kF k ∞ , we get
proving for r = 1 that G is absolutely continuous. In the case of r > 1, and by choosing δ :
proving for r > 1 that G is absolutely continuous again.
Therefore
which proves that G is continuous.
This completes the proof. 2 We make
, p. 426), given that f is continuous.
For the last we used the fact:
Also, clearly, absolute continuity of f : [a, b] → X, implies uniform continuity and continuity of f .
We also have
Proof. Since I 0 b− := I (the identity operator), if α = 0 or β = 0 or both are zero, then the statement of the theorem is trivially true. So we assume α, β > 0.
We observe that
we can apply Fubini's theorem, see Theorem 2, p. 93, [10] , to interchange the order of integration and obtain
That is
By Theorem 5 and Remark 6,
. Since in (29.) two continuous functions coincide a.e., the must be equal everywhere.
At
The algebraic version of previous theorem follows:
; α > 0} make a commutative semigroup with respect to composition. The identity operator I 0 b− = I is the neutral element of this semigroup.
We need Definition 9. (see [12] ) A definition of the Hausdorff measure h α goes as follows: if (T, d) is a metric space, A ⊆ T and δ > 0, let Λ (A, δ) be the set of all arbitrary collections (C) i of subsets of T , such that
gives an outer measure on the power set P (T ), which is countably additive on the σ-field of all Borel subsets of T . If T = R n , then the Hausdorff measure h n , restricted to the σ-field of the Borel subsets of R n , equals the Lebesgue measure on R n up to a constant multiple. In particular, h 1 (C) = µ (C) for every Borel set C ⊆ R, where µ is the Lebesgue measure.
We will use the following spectacular result Theorem 10. ( [12] ) (Fundamental Theorem of Calculus for Bochner integration) Suppose that for the given function f :
Then f is µ-measurable (i.e. strongly measurable), and if we assume the Bochner integrability of f ,
Notice here that the derivatives of a function f : [a, b] → X, where X is a Banach space, are defined exactly as the numerical ones, see for definitions and properties, [11] , pp. 83-86, and p. 93, that is they are strong derivatives.
We will use Theorem 10 to give a general Taylor's formula for Banach space valued functions with a Bochner integral remainder.
We further assume the Bochner integrability of f (n) . Then
.
Also F 0 is Bochner integrable. By Theorem 10 now we get that
That is, we have
We give Definition 13. Let [a, b] ⊂ R, X be a Banach space, α > 0, m := dαe, (d·e the ceiling of the number). We assume that
We call the Caputo-Bochner right fractional derivative of order α:
< ∞, and α / ∈ N, then by Theorem 5,
. We make Remark 14. (to Definition 13) We notice that (by Theorem 7)
Notice here that
and exists for almost all x ∈ [a, b], by Theorem 3.
We have proved, by (2.42), that
We present the following right fractional Taylor's formula
We also assume that f (m) ∈ L 1 ([a, b] , X). Then
Proof. We use Theorem 12.
Clearly it holds 
More generally we get
Proof. By Theorem 15. 2
Remark 17. (to Theorem 16) By (2.50), we have
We have also 
Next we present Ostrowski type inequalities at right fractional level for Banach valued functions. See also [3] .
Theorem 19. Let α > 0, m = dαe. Here all as in Theorem t16. Assume
proving the claim. 2 We also give Theorem 20. Let α ≥ 1, m = dαe. Here all as in Theorem 16. Assume that f (k) (b) = 0, k = 1, ..., m − 1, and
proving the claim. 2 We continue with Theorem 21. Let p, q > 1 : 1
Here all as in Theorem 16. Assume that f (k) (b) = 0, k = 1, ..., m − 1, and
(2.61)
Proof. We have again
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(2.65)
We give Proposition 23. Inequality (2.53) is sharp; namely it is attained by
Proof. (see also [4] , pp. 26-27) We see that
Here f (m) is continuous on [a, b), and f (m) ∈ L 1 ([a, b] , X) . All assumptions of Theorem 16 are easily fulfilled. Thus
That is Assume that f (k) (b) = 0, k = 0, 1, ..., m − 1, and
Proof. We have that (by (2.52))
We have proved that
(2.75)
Then
Hence it holds
The last inequality implies
Next comes a right Sobolev like fractional inequality:
Theorem 25. All as in the last Theorem 24. Let r > 0. Then
Proof. As in the last theorem's proof we get that
(2.80)
Since r > 0, we get
(2.81)
Hence it holds
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(2.83) proving the claim. 2
We give the following Opial type right fractional inequality:
Theorem 26. Let p, q > 1 : 1
We assume that f (m) ∈ L ∞ ([a, b] , X). Assume also that f (k) (b) = 0, k = 0, 1, ..., m − 1. Then
Theorem 27. Let p, q > 1 : 1
We also assume that f
(2.101)
We get as before,
(2.105)
Hence we have
So far we have
The denominator in (2.108) can be zero only when
Integrating ( We assume that
(2.114)
We present the following right Caputo-Bochner fractional Landau inequality for k·k ∞ .
we assume that f fulfills: assume that f 00 exists outside a µ-null Borel set B
We assume that f 00 ∈ L 1 ([A, B ] , X), and D α+1
(2.116) (the last left inequality is obvious when α = 1), and
(2.118)
Proof. We have that (by Theorem 30)°°°°°1
Subsequently by Theorem 10 we derive°°°°f
Hence it holds°°f
Therefore we obtain°°f
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The right hand side of (2.123) depends only on
(2.124)
We may call t = B − A > 0. Thus by (2.124),°°f both are greater than 0.
We consider the function
As in [4] , pp. 81-82, y has a global minimum at
Consequently it is
(2.130) We have proved that Then kf 0 k ∞,R − ≤ (α + 1)
. We assume that f 00 ∈ L ∞ ((−∞, B 0 ], X), and kf k ∞,(−∞,B 0 ] < ∞. Then°°f 
See also [9] . We apply Theorem 21 when 0 < α ≤ 1. 
Corollary 38. (to Theorem 36, B 0 = 0, p = q = 2) All as in Theorem 36, 
